In the paper [D-H] Douady and Hubbard introduced the notion of polynomial-like maps. They used it to identify homeomophic copies M ′ of the Mandelbrot set inside the Mandelbrot set M. They conjectured that in case of primitive copies the homeomorphism between M ′ and M is q-c, and similarly in the satellite case, it is q-c off any small neighborhood of the root. These conjectures are now Theorems due to Lyubich, [Lu]. The satellite copies M p/q are clearly not q-c homeomorphic to M. But are they mutually q-c homeomorphic? Or even q-c homeomorphic to half of the logistic Mandelbrot set? In this paper we prove that, in general, the induced Douady-Hubbard homeomorphism is not the restriction of a q-c homeomorphism: For any two copies M ′ and M ′′ the induced Douady-Hubbard homeomorphism is not q-c, if the root multipliers λ ′ and λ ′′ , which are primitive q and q ′ roots of unity, have q = q ′ .
Introduction
We consider the moduli space of quadratic polynomials as dynamical systems under iteration. This moduli space is conveniently parametrized by the family Q c (z) = z 2 + c of monic quadratic polynomials with critical point 0 and critical value c ∈ C. For an introduction to the theory of holomorphic dynamical systems given by iteration see e.g. [C-G] , [Mi] . The connectedness locus of the quadratic family Q c , c ∈ C is the famous Mandelbrot set: M = {c ∈ C|J c is connected}.
Conjecturally the interior of M consists of precisely the hyperbolic components generically denoted H, each of which is conformally equivalent to D through the map which assigns to c ∈ H the multiplier ρ H (c) of the unique attracting cycle for Q c . The period m ≥ 1 of this attracting cycle is a characteristic of H. The multiplier map is known to extend to a homeomorphism between the closures. Moreover this map is even a holomorphic diffeomorphism between the closures except possibly at the root point with image 1, which may be either a cusp point, the so-called primitive case, or a holomorphically smooth point, the so-called satellite case. For a hyperbolic component H of period m, each boundary point ρ −1 H (ω p/q ) where ω p/q = e i2πp/q is the root point of a satellite hyperbolic component H ′ of H with characteristic period qm. The main hyperbolic component H 0 of M is the unique component with characteristic period 1. It is the primitive component bounded by the central cardiod. Douady and Hubbard [D-H] identified via the theory of renormalization for each hyperbolic component H a subset denoted M ′ H and constructed on M ′ H an injection χ H : M H −→ M with χ H (H) = H 0 . They showed using the theory of polynomial-like mappings, that χ is a homeomorphism if H is primitive and except possibly above the root of H 0 , if H is a satellite component. They moreover conjectured that χ H is the restriction of a quasiconformal map except possibly on neighborhoods of the root, when H is a satellite. Haissinsky [Hi] complemented the above by showing that χ H is also a homeomorphism at the root in the satellite case. And Lyubich [Lu] proved the long standing conjecture on quasi-conformality of χ H . Anyway, Lyubich proof fundamentaly breaks down for neighborhoods of roots of satellite hyperbolic components.
The question which remains is whether the satellite copies M p/q with roots λ −1 H 0 (ω p/q ) are mutually quasi-conformally homeomorphic. In particu-lar, do they have a common model with which they are quasi-conformally homeomorphic to? A natural such candidate is given by half the logistic Mandelbrot set. Let P λ (z) = λz + z 2 denote the logistic family of quadratic polynomials, which is related to the family Q c by the degree 2 branched covering c(λ) = λ/2 − λ 2 /4. The connectedness locus is the logistic Mandelbrot set M L , which naturally decomposes into a left and a right half with unique common point 1 and each of which is mapped homeomorphically onto M by the holomorphic map λ → c(λ).
Using her newly developed notion of parabolic-like mappings, the first author have shown that the root dynamics of any two satellite copies, are q-c conjugate, [Lo] . Nevertheless we prove in this paper that: Theorem 1. For p/q and P/Q irreducible rationals with q = Q, the induced Douady-Hubbard homeomorphism
is not quasi-conformal, i.e. it does not admit a quasi-conformal extension to any neighborhood of the root. Moreover for any satellite copy the induced Douady-Hubbard homeomorphism to half the logistic Mandelbrot set is not a q-c homeomorphism.
We have reasons which advocates the following Conjecture 1. For p/q and p ′ /q irreducible rationals with the same denominator, the induced Douady-Hubbard homeomorphism
does admit a quasi-conformal extension between neighborhoods of the satellite copies.
We return to this conjecture in a second paper on the topic. The insight behind the proof, can be explained in brief as follows. Consider (as in the proof of Yoccoz inequality) the lift of the satellite copy M p/q to the log λ plane, i.e consider the connected component containing i2πp/q of the pre-image of M p/q under the map Λ → e Λ /2 + e 2Λ /4. Rescale and relocate this pre-image by the affine map Λ → qΛ − pi2π, which is natural from the point of view of renormalization. Denote this lifted rescaled and translated copy with root 0 by M p/q . For p/q and P/Q irreducible rationals let ξ : M p/q −→ M P/Q denote the induced Douady-Hubbard homemorphism. Then a necessary condition for ξ to be the restriction of a q.-c. homeomorphism, is that ξ is uniformly close to the identity with respect to the hyperbolic metric on the right halfplane H r := {x + iy|x > 0}.
As a word of further motivation we recall that Branner and Fagella [B-F] proved that, for p/q and p ′ /q irreducible rationals with the same denominator, the corresponding limbs L p/q and L p ′ /q of H 0 are homeomorphic and they conjectured their homeomorphisms are restrictions of quasi-conformal maps. Conjecture 1 is a weaker, but yet essential version of the Branner-Fagella conjecture.
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Outline of the Proof of the main Theorem
For the ease of exposition it is convenient to formulate and prove Theorem 1 in terms of the logistic or fixed point normalized quadratic family:
where the parameter λ is the multiplier of the fixed point 0. This family forms a branched double covering of the standard representation Q c , the relation being
, with critical point 1 and critical value 1/4. We write M 0 for the homeomorphic pre-image λ −1 (M) ⊂ {λ|ℜ(λ) ≤ 1}, and denote the other copy M 0/1 := λ −1 (M) ⊂ {λ|ℜ(λ) ≥ 1}. Evidently H 0 = c(D). For λ ∈ M 0/1 the fixed point 0 is the β fixed point of P λ , that is the fixed point, which is the landing point of the unique fixed ray. For λ ∈ M 0 the fixed point 0 is the α-fixed point for P λ , i.e. the other fixed point.
We shall abuse the notation and for each irreducible rational p/q write M p/q ⊆ L p/q also for the satellite copy and limb of M 0 with root ω p/q . The limb L p/q is the unique connected component of M 0 \{ω p/q } not containing 0. Note that for p/q = 0/1 we have M p/q = L p/q , and otherwise the inclusion is strict.
For p/q and P/Q two distinct irreducible rationals we likewise denote by ξ the induced map ξ = χ −1 P/Q • χ p/q : M p/q −→ M P/Q between the new sets. Since λ → c(λ) is itself a quadratic polynomial, which maps the half-plane {x + iy|x < 1} univalently onto C\[ , ∞[, we may rephrase Theorem 1 as:
Theorem 2. For p/q and P/Q irreducible rationals with q = Q the Doaudy- For p/q an irreducible rational and λ ∈ M p/q , let f = f λ : U ′ −→ U be a polynomial-like restriction of P q λ with the critical value of P λ in U ′ . Then the β-fixed point of the polynomial-like restriction is 0, (the α-fixed point of P λ , when p/q = 0/1) and its new multiplier is λ q . Define Λ(λ) = Log(λ q ) as the principal logarithm of the new multiplier. It follows from Yoccoz inequality that the map Λ is univalent on a neighborhood of the limb L p/q . We define
and may henceforth use Λ at will as the parameter.
For P/Q another irreducible rational we shall, in order to avoid heavy indexing, use µ rather than λ as the parameter and for µ ∈ M P/Q write g = g µ : V ′ −→ V for the quadratic like restriction and M(µ) = Log(µ Q ) as above and M P/Q = M(M P/Q ). Moreover we shall write ξ : M p/q −→ M P/Q for the induced Douady-Hubbard homeomorphism. Behind the scene of the proof of Theorem 1 hides the following Proposition, which is an instance of a Theorem by Sullivan and Shub, and for which the proof essentially is Teichmüller's extremal theorem for complex tori (see Proposition 9).
Proposition 3. Let Λ ∈ M p/q \{0} and M = ξ(Λ) ∈ M P/Q . Then for any quasi-conformal (in particular any hybrid) conjugacy φ : U −→ V between polynomial-like restrictions f and g as above we have:
where K φ denotes the real dilation of φ.
We next obtain a similar result in parameter space at Misiurewicz parameters λ * for which the critical value of f is pre-fixed to 0. For the proof of this we first invoke a rather standard holomorphic motion argument to pass from a neighborhood of λ * in parameterspace to a neighborhood of 0 in the linearizing coordinate for f λ * at β ′ := 0. Next we combine this with a new theorem, which is a relative of the Teichmüller extremal theorem for complex tori to obtain: (for details see page 12): 
For p/q any irreducible rational and λ ∈ M p/q let α ′ (λ) denote the α-fixed point f λ . The multiplier map ρ :
) univalently extends to a neighborhood of the root λ 0 = e 2πip/q . Thus the inverse λ(ρ) provides a local, univalent parametrization ρ → Λ(ρ) = Log(λ q (ρ)) of a neighborhood of 0 in the Λ parameter plane by a neighborhood Ω of 1 in the ρ plane. We have the following estimate for Λ(ρ):
Proposition 5. For any irreducible rational p/q there exists a constant Res p/q with positive real part such that:
For p/q and P/Q two distinct irreducible rationals we have local parametrizations Λ(ρ) and M(ρ) of a neighborhood of 0 in the Λ-parameter plane and the M-parameter plane by a neighborhood of 1 in the ρ-plane. With ξ as above we have M(ρ) = ξ(Λ(ρ)) for any ρ ∈ D. By elementary calculations the above asymptotic formulas yield:
Corollary 6. For q = Q and ρ = e it ∈ ∂D:
The following Proposition, which is an elementary consequence of the Yoccoz parameter inequality for the quadratic family, shows that, at least for particular sequences of rationals converging to 0, the limb L p/q p ′ /q ′ is contained in a small hyperbolic neighborhood of its root.
Proposition 7. For any irreducible rational p/q the
For p/q and P/Q irreducible rationals and ξ : M p/q −→ M P/Q we obtain, by combining Proposition 7 with Corollary 6 :
Theorem 2 and thus Theorem 1 now follows from Proposition 4 combined with Corollary 8 applied to any sequence Λ * n ∈ L p/q n 2 −1 n 3 ∩ M p/q of Misiurewicz parameters such that the critical point is prefixed to the β ′ fixed point 0.
3 Proofs 3.1 Notation andà priori classical results.
For P a monic polynomial of degree d ≥ 2 let J P and K P denote the Julia set and the filled Julia set of P respectively. Denote by ϕ P with ϕ P • P = (ϕ P ) d the Böttcher coordinate for P tangent to the identity at ∞ and let g P denote the Greens function for K P . For θ ∈ T := R/Z denote by R θ = R P θ the external ray of argument θ. That is R θ is the field-line for g P arriving to ∞ at angle θ, the latter being equivalent to ϕ P (R θ ) ⊂ {re i2πθ |r > 1}. For K P connected the Böttcher coordinate extends to an isomorphism ϕ P : C\K P −→ C\D and
The ray is said to land at z 0 if its accumulation set in K P is the singleton {z 0 }. The mapping z → z d induces a dynamics on rays given by θ → dθ.
The dynamical plane landing theorem of Sullivan and Douady-Hubbard asserts that, when K P is connected, any periodic ray lands at a repelling or parabolic periodic point with period dividing that of the ray, and any pre periodic ray lands at a point pre periodic to a repelling or parabolic point.
A repelling or parabolic periodic point z 0 of exact period k ≥ 1 for a polynomial P is said to have combinatorial rotation number p/q, (p, q) = 1, if it is the common landing point for a q cycle of rays under P k , and if the rays under P k are permuted as the rational rotation p/q in the counter clockwise order around z 0 . The Douady landing theorem asserts that any (pre)-periodic point is the landing point of at least one and at most finitely many (pre) periodic rays. And this defines a combinatorial rotation number for z 0 . For angle doubling (z → z 2 ) there is for each irreducible rational p/q a unique cycle of arguments (of rays) with rational rotation number p/q.
For the quadratic polynomials Q c we write φ c for φ Qc and R The Doaudy-Hubbard landing theorem for M also asserts that any preperiodic parameter ray R M θ of pre-period l and period k lands at a Misiurewich parameter c, such that c is the landing point of the dynamical ray R c θ and it has pre period l to a repelling periodic cycle of period dividing k. Moreover for any dynamical ray R c θ ′ landing at c the corresponding parameter ray R M θ ′ also lands at c.
For P a polynomial of degree d ≥ 2 and z 0 a repelling periodic point with exact period k and combinatorial rotation number p/q, the Yoccoz multiplier theorem or the PLY-inequality asserts that: There exists a unique preferred logarithm Λ of the multiplier λ := (P k ) ′ (z 0 ) such that any lift of a ray landing on z 0 to the log linearizer Ψ for P k at z 0 (i.e. P k (Ψ(z)) = Ψ(z+Λ) is invariant under the translation z → z + qΛ − i2π. Moreover, this preferred logarithm is contained in the closed disk of radius r and center r + i2πp/q, where
and n is the number of cycles of external rays under P k co-landing on z 0 (see [Pe] and [Hu] for more details).
The Yoccoz parameter inequality, which immediately follows from the above, asserts that for any hyperbolic component H of period k there exists a constant C = C H > 0 such that for any p/q, (p, q) = 1, the limb L
For a proof, see e.g. [Hu, Remark 4.3] (in this proof there is an impreciseness in the bound in the primitive case, where the exponent should have been 2 rather than 1/2). The notion of rays, limbs, etc., as well as Yoccoz parameter inequality (with new constant) naturally carries over to the logistic Mandelbrot set, M 0 , to log(M 0 ) and to the rescaled and shifted log-limbs and log-
It immediately follows from (2) that the rescaled and shifted log-limbs and log-M p/q 's M p/q ⊂ L p/q are all contained in the closed disk of radius and center r 0 = log 2. It follows from this that for λ ∈ L p/q the preferred logarithm of the multiplier λ q for P λ (z) = λz + z 2 , is the principal logarithm Λ = Log(λ q ).
Proof of Proposition 3
Suppose f : U −→ C is a holomorphic function with a repelling fixed point z 0 ∈ U of multiplier λ. ′ to multiplication by λ. Let γ : R −→ C be a lift of γ(e t ) to e z . Then all such lifts are disjoint and given by γ n := γ + ni2π, n ∈ Z and there exists m = m(Λ ′ ) ∈ Z such that Λ ′ + γ n (t) = γ n+m (t + 1) for all n. Thus replacing Λ ′ by Λ = Λ ′ − mi2π we obtain Λ + γ n (t) = γ n (t + 1) for all n. The preferred logarithm of λ defined by γ is Λ. Let Γ := {mΛ − n2πi|m, n ∈ Z} and define the complex torus T Λ := C/Γ, then ΛR/Γ and γ/Γ are isotopic in T Λ . Moreover the mapping ψ(e z ) : H − −→ ψ(D)\{z 0 } induces an isomorphism ψ : T Λ −→ T f , which maps γ/Γ ontoγ and [0, −i2π]/Γ into an arc isotopic toδ. That is (T,δ,γ) represents the Teichmüller point Λ.
Next suppose f j : U j −→ C, j = 1, 2 are holomorphic functions with respective repelling fixed points z j ∈ U j of multiplier λ j . Suppose moreover that Λ J are preferred logarithms of λ j defined by backwards invariant arcs γ j : [0, 1[−→ C with γ j (0) = z j . Then any quasi conformal local conjugacy φ : ω 1 −→ ω 2 of f 1 to f 2 between neighborhoods ω 1 of z 1 and ω 2 of z 2 induces a quasi-conformal homeomorphismφ : T 1 −→ T 2 sendingδ 1 ⊂ T 1 := T f 1 to an arc isotopic toδ 2 ⊂ T 2 := T f 2 . 
where
Proof. This is an immediate consequence of the Teichmüller extremal Theorem for complex tori, which states that real dilatation Kφ ofφ satisfies
Proof. of Proposition 3 : Any ray in the p/q-cycle of rays for P λ landing at 0 is fixed under f λ and defines Λ as the preferred logarithm of λ q . Similarly M is the preferred logarithm of µ Q defined by the rays which colland on 0 and which are fixed by g µ . Moreover any conjugacy between f λ and g µ preserves the filled Julia sets and so the isotopy hypothesis of the above Proposition 9 is satisfied. Hence Proposition 3 follows.
Proof of Theorem 4
Let p/q be any irreducible rational and let λ ∈ M p/q . Recall that α ′ λ denotes the α-fixed point of f λ and that α ′ (λ) can be followed holomorphically on the wake W M 0 p/q with root λ 0 = ω p/q as a periodic point of exact period q for P λ . And that its multiplier ρ(λ) := P q λ (α ′ (λ)) is a holomorphic function ρ : W M 0 p/q −→ C, in fact with a holomorphic extension to a neighborhood of the root ω p/q , with ρ −1 (D) = H p/q .
For any irreducible rational
is the common landing point of the q ′ -cycle of periodic rays for f λ (qq ′ -cycle of rays for P λ ) giving α ′ (λ) rotation number p ′ /q ′ . In particular it is a separating point for the filled Julia sets K ′ λ for f λ and K λ for P λ . It separates −(λ/2) 2 , the common critical value of P λ and f λ from 0. And thus all the pre-images of α ′ (λ) under P n λ , n ≥ 0 are separating points. The holomorphically moving fixed point α ′ (λ) for f λ has a unique preimage α 2 ) : D λ * → C, with h(λ * ) = 0. Possibly restricting r > 0 we can assume the sequence {α ′ n (λ)} n moves holomorphically on D λ * . By Slodkowskys Theorem there exists a holomorphic motion H : D λ * × C −→ C of C extending the motion of the sequence {α ′ n (λ)} n union the q external rays co-landing at 0. We define a quasi-regular map ζ :
, where H λ is the quasiconformal homeomorphism H λ (z) = H(λ, z). The map ζ is asymptotically conformal at λ * , i.e. its real dilatation K ζ (λ) converge uniformly to 1 as λ → λ * . More precisely its dilation at λ is bounded by the dilatation of H λ , and thus satisfies log K ζ (λ) ≤ log d(λ), where d(λ) denotes the hyperbolic distance in D λ * between λ * and λ. For each dynamical ray R landing at 0 for λ * , each connected component of ζ −1 (R) is contained in a parameter ray landing on λ * ∈ M 0 . It follows that the local degree of ζ at λ * is 1, so that, possibly restricting r > 0 further, the map ζ is a quasi-conformal homeomorphism from D λ * into the dynamical plane of f λ * such that for every n with α ′ n (λ * ) ∈ ζ(D λ * ) and
Possibly reducing r > 0 further we can also assume that ζ(D λ * ) is contained in a domain of univalence for the linearizing coordinate φ λ * for f λ * at 0. Let N ∈ N be such that α
Then ψ p/q := φ λ * • ζ is a quasi-conformal homeomorphism, which is asymptotically conformal at λ * and which maps the sequence {λ n } n≥N to the geometric sequence { α
For µ * = ξ(λ * ) we can construct similarly a quasi-conformal homeomorphism ψ P/Q defined on a small circular disk around µ * and asymptotically conformal at µ * , mapping for large n the sequence µ n = ξ(λ n ) onto a geometric sequence { α ′ n (µ * )} n≥N (possibly augmenting N) with
Let ξ : D λ * −→ C be any quasi-conformal extension of ξ to D λ * , and consider the quasi-conformal map ψ :
Moreover it maps the initial ray segment say R λ * θ p/q ([0, τ ]) onto a curve, which emanates from 0 and which is homotopic relative to {0} ∪ { α ′ n (µ * )} n≥N (i.e. via a homotopy which fixes point wise this set and is injective above this set) to the ray segment R
We shall prove, Theorem 10 below, that such a quasi-conformal homeomorphism satisfies lim sup
From this the Theorem follows. The following Theorems are generalizations of the Teichmüller extremal theorem for complex tori, to a non-compact setting.
Theorem 10. For j = 1, 2 let λ j ∈ C D, Λ j be a logarithm of λ j , and
for n ≥ 0 and ψ • γ 1 isotopic to γ 2 relative to the set {0} ∪ {λ
Proof. of Theorem 10 : Notice that γ j (t) = exp(iπ + Λ j log t) for 0 < t ≤ 1. For each j write γ ± j (t) = exp(±iπ + tΛ j ) for t ∈ R. Then Log( γ − j ) is below while Log( γ + j ) is above the bi-infinite sequences Λ j · Z, and together they separate Λ j · Z from all the other pre-images log(λ
, with H(s, 0) = 0, H(s, t) = 0, for t > 0, H(0, t) = ψ(γ 1 )(t) and H(1, t) = γ 2 (t). Choose r ′ > 0 such that
Possibly increasing N we can suppose that λ 
Indeed let H ± denote the lifts of H to the covering e z with H ± (1, t) = ±iπ + tΛ j . Then ℜ( H ± (s, τ ) > 0 and since H ± are homotopies, the curves
) are below for − and above for + the sequence {−nΛ 2 } n≥0 . Thus (4) holds for m = 0 and all n ≥ 0. And then (4) holds also for all m since Ψ(z + i2π) = Ψ(z) + i2π. The proof now follows from the following Theorem 11.
Theorem 11. Suppose R > 0, Λ 1 , Λ 2 ∈ H r , and Ψ : {x + iy|x < R} −→ C is a quasi-conformal homeomorphism which satisfies (4). Then lim sup
Proof. The following proof is based on a classical proof of the Teichmüller extremal theorem. In this theorem the hypothesis on Ψ above is replaced by a globally defined conjugacy Ψ : C −→ C between the full group actions in stead of only the semi-group actions on the semi orbit of 0:
The proof of the Teichmüller extremal theorem we lean on, amounts to showing the following : Claim : For any ǫ > 0 there exists integers p, q, r, s, 0 < q, 0 ≤ s such that the quadrilaterals Q j = Q(qΛ j − p2πi, sΛ j − r2πi) with corner 0 and spanned by the vectors qΛ j − p2πi and sΛ j − r2πi, say with a-sides parallel to the first vector have moduli satisfying
To turn the Claim into a proof in the case at hand with much weaker hypothesis we need to overcome that we have little control over the images of the boundary of Q 1 . Let ǫ > 0 be given and choose integers p, q, r, s as above with q < 0, s ≤ 0 as above and consider the quadrilaterals Q k j = −k · Q j ⊂ H − , j = 1, 2. Then Q k j has the same modulus as Q j , and Ψ maps at least k + 1 lattice points on each side of Q k 1 to corresponding lattice points on Q k 2 . Since Ψ is K-qc. for some fixed K and conjugates the actions by the semi-groups on 0 and since integer scaling maps the two orbits of 0 into themselves. It follows that Ψ(kz)/k converges locally uniformly to the affine mapping, which takes Λ 1 to Λ 2 and i2π to itself. By continuity of the modulus it follows that we can choose N such that for
Since we can repeat this argument with uniform estimates on quadrilaterals to the left of any pair of corresponding lattice points the Theorem follows.
For completeness of exposition we include a proof of the claim above.
If y is irrational consider say the sequence of best rational approximants u n /v n to y with v n > 0. Then the quadrilaterals spanned by v n Λ j − u n 2πi and 2πi becomes more and more retangular with the same height 2π and ratio of the base ℜ(Λ 1 )/ℜ(Λ 2 ) so that given ǫ > 0 we may take q = v n , p = u n , s = 0 and r = 1 for a sufficiently large n. Case II : ℑ(Λ 1 ) = ℑ(Λ 2 ), say ℑ(Λ 1 ) > ℑ(Λ 2 ) the other case being symmetric. Let Γ be the hyperbolic geodesic in H r through Λ 1 and Λ 2 . Then Γ is a half circle orthogonal to iR with upper end point i2πy for some y ∈ R and thus 2πy > ℑ(Λ 1 ) > ℑ(Λ 2 ). Case IIA : If y = u/v is an irreducible rational let m/n be a rational with nu − vm = 1 and thus with u/v > m/n Define L j := mΛ j − n2πi, N j := vΛ j − u2πi and Λ j := −i2πL j /N j , j = 1, 2. and note that −π/2 < Arg(N j ) < 0 for both values of j, as i2πy is the upper end point of Γ. Then
(is conjugate to the Möbius transformation 
Then Possibly increasing |a| and b we can suppose that −π/2 < Arg( 
maps i2πu m /v m to ∞, i2πu m+1 /v m+1 to 0 and δ m to R + . So the hyperbolic isomorphism A m also maps the geodesic Γ to a semi-circle geodesic Γ crossing R + , and Λ 1 , Λ 2 to Γ hyperbolically further and further away from R + . Moreover as u m /v m − y > y − u m+1 /v m+1 the angle between δ and Γ, when these are parametrized with increasing imaginary parts, is smaller than π/2 for sufficiently large m. This proves Arg( Λ 1,m − Λ 2,m ) converge to 0. Let a m /b m be the irreducible rational with smallest denominator between ℑ( Λ 1 )/2π and ℑ( Λ 2 )/2π. Given any ǫ > 0 we may choose a sufficiently large m such that
From here proceed as in the CASE IIB, y rational above to produce the desired (p, q, r, s).
Multiplier relation at simple satelite parabolic bifurcations
For F : U −→ C, where U ⊂ C, a holomorphic map with a fixed point z 0 ∈ U, we define:
= the multiplicity of z 0 as a fixed point for F .
= the holomorphic index of F at z 0 .
= the résidue itératif of F at z 0 .
Here and elsewhere the radius of the circle for the circulation is chosen sufficiently small for z 0 to be the only fixed point of F inside the circle, except if explicitly stated otherwise. The résidue itératif is well behaved under iteration: indeed for all n ≥ 1 we have n · résit(F n , z 0 ) = résit(F, z 0 ) (see e.g. [B-E, p. 250] ). For a domain U on which the principal logarithm LogF ′ is well defined and holomorphic we define the Buff-form
.
A routine calculation shows that, for a fixed point z 0 as above:
(see also the habilitation thesis of Cheritat [Ch] ). Suppose that, for some irreducible rational p/q and ω p/q = e i2πp/q , the family:
is a holomorphic family of holomorphic maps defined on a neighourhood of 0 and with first q iterates defined and holomorphic on some disk D(r ′ ), r ′ > 0.
Suppose furthermore that 0 is a non degenerate parabolic fixed point for F = F ω p/q , i.e. mult(F q , 0) = q + 1. Choose r, 0 < r < r ′ , such that 0 is the unique fixed point of F in D(r), and for every z ∈ D(r), (F q ) ′ (z) ∈ D(1, 1). Then, possibly reducing R > 0 and r ∈]0, r ′ [, we can assume that, for all λ ∈ D(ω p/q , R) and for all z ∈ D(r), (F q λ ) ′ (z) ∈ D(1, 1), and the circle C(0, r) = ∂D(r) is disjoint from the set of fixed points of F q λ . For such λ the disk D(r) contains precisely q + 1 fixed points of F q λ , and no other periodic point of F λ with a period dividing q. Moreover, for all λ the fixed point 0 is non degenerate, and for λ = ω p/q the other q fixed points of F q λ form a non degenerate q − cycle for F λ . We denote by Λ the principal logarithm of the multiplier λ q of the fixed point 0 for F q λ . We denote by ρ = ρ(λ) the multiplier of the q-cycle for F λ , and by P = Logρ the principal logarithm of ρ. Then, by the hypothesis above, both Λ and P belong to the disk Log(D (1, 1) ), and we may take Λ as the parameter. We shall abuse the notation and write F Λ for F λ and P(Λ) for P(λ). Define
, where C(0, r) is the circle discussed in the paragraph immediately above. Then by (8) the holomorphic function H satisfies
When Λ = 0 we obtain, by solving the above equation for P(Λ), the formula
which evidently is also valid for Λ = 0. It shows that P ′ (0) = −q = 0. Thus, by the inverse function theorem and possibly at the expense of reducing R > 0 further, we may take P as the parameter and reparametrize again. We shall thus write Λ(P) rather than P(Λ), and Res p/q := résit(F q 0 , 0).
Proposition 12. The holomorphic function Λ(P) has the following second order Taylor expansion
Proof. Solving this time the second line of (9) for Λ(P) we find
As H is holomorphic with H(0) = Res p/q we may write
where Res 1 = H ′ (0). Inserting this into the formula for Λ(P) above we obtain the Proposition.
Buff and Epstein [B-E] have proved inequalities for the résidue itératif. Recall that P λ (z) = λz + z 2 . As a particular instance of the immediate Corollary of their Theorem B we have:
Theorem 13. For any irreducible rational p/q and λ 0 = e i2πp/q the résidue itératif of P 
Proof. of Proposition 5:
For the asymptotic formulas, take F λ = P λ and F µ = P µ in the above discussion and Proposition 12. For the lower bound on the real part of Res p/q = résit(F q 0 , 0), apply Theorem 13.
Proof. of Corollary 6: Recall that, for ρ = e it ∈ D, we have M(ρ) = ξ(Λ(ρ)). We compute the hyperbolic distance between M(ρ) and Λ(ρ) from the asymptotic formula given by Proposition 5. To this end note that, since the real parts of both R 1 := Res p/q and R 2 := Res P/Q are positive, the second term of the asymptotic formulas: Finally, hyperbolic geodesics in H r are arcs of circles with center on the imaginary axis, and with diameter their intersection with the imaginary axis.
Since the chord of a circle is smaller than the diameter, we obtain: Proof. Note at first that, for every integer n ≥ 2, the rational number (n 2 − 1)/n 3 is irreducible and asymptotic to 1/n. Recall that H p/q with root 0 is the principal hyperbolic component of M p/q . Let C p/q > 0 be the Yoccozconstant for H p/q given by (3) so that diam( L p/q n 2 −1 n 3 ) ≤ C p/q n 3 .
Moreover, by Proposition 5, the root Λ(e 
Combining the estimates (11) and (12) 
Proof. of Corollary 8 : Let Λ n and M n be the principal logarithms of the β ′ fixed points for f λn and g µn respectively, where µ n = ξ(λ n ) and n ≥ 2. Define The first term on the righthandside diverge to ∞ by Corollary 6, and the two remaining terms converge to 0 by Proposition 7. In fact asymptotically we have the more explicit lower bound (10) for the first term and the upper bound (13) for the two remaining terms.
